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Geometry 
Processing

Geometry is all around us

3D scans

technical assets artist creations

scientific data 3D scans

technical assets

Geometry Geometry 
Processing
Geometry 
Processing
Geometry 

artist creations

scientific data scientific data scientific data 

simulation
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animation

geometric ML 

creative tools 

robotics

animation

medical imaging 

geometric ML 

digital fabrication
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inking deeply about the geometry yields 
more efficient algorithms 

and higher-quality outputs



Talk Outline
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I. SURFACE PARAMETERIZATION II. SHAPE CORRESPONDENCE III. VECTOR FIELD DESIGN

Patrick Mullen, Yiying Tong, Pierre Alliez, and Mathieu Desbrun. 2008. 
Spectral conformal parameterization.  

Symposium on Geometry Processing (SGP '08), 1487–1494.

Bruno Lévy, Sylvain Petitjean, Nicolas Ray, and Jérome Maillot. 2002. 
Least squares conformal maps for automatic texture atlas generation. 

ACM Trans. Graph. 21, 3. hps://doi.org/10.1145/566654.566590

unwrap a surface 
onto the plane 

map from one 
shape to another 

find a smooth collection 
of directions on a surface 

Etienne Corman, Yousuf Soliman, Robin Magnet, and Mark Gillespie. 2026. 
Implicit Minimal Surfaces for Bijective Correspondences. 

ACM Trans. Graph. 45, 4, Article 162. hps://doi.org/10.1145/3811368

Keenan Crane, Fernando de Goes, Mathieu Desbrun, and Peter Schröder. 2013. 
Digital geometry processing with discrete exterior calculus. 

ACM SIGGRAPH 2013 Courses. Article 7, 1–126. hps://doi.org/10.1145/2504435.2504442



Surface
Parameterization
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Parameterization
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a map from a surface to the plane 



Parameterization of general surfaces
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Applications of parameterization
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[ Gao et al. 2015 ]

Signal processing



Applications of parameterization
Signal processing
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Signal processing

[ Gao et al. 2015 ]



Applications of parameterization
Signal processing
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[ Segall et al. 2016 ][ Gao et al. 2015 ]
physical simulation 

shape analysis 
[ Lipman & Daubechies 2011 ] [ Maron et al. 2017 ]

learning on surfaces 

neuroscience



Applications of parameterization
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initial shape target shape

[ Konaković-Luković et al. 2018 ]

Fabrication

[ Konaković et al. 2016 ]

[ Nojoomi et al. 2021 ]

[ Ren et al. 2024 ]

[ Ren et al. 2022 ]



Applications of parameterization
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[ Tim
en 2012 ]

Texturing 3d models



Triangle meshes
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smooth 
surface

triangle 
mesh 

vertices

edges

faces



Parameterizing triangle meshes

• Map every vertex into the plane 

• Collapse?
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Parameterizing triangle meshes

• Map every vertex into the plane 

• Collapse? Not injective
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Parameterizing triangle meshes

• Map every vertex into the plane 

• Collapse? Not injective 

• Cut open and unfold
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How can we compute a good unfolding?
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How can we compute a good unfolding?
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How can we compute a good unfolding?

19



How can we compute a good unfolding?
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uniform scaling 
squashing



How can we compute a good unfolding?
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uniform scaling 
squashing

ℓ

length  measures 
squashing 

 is a quadratic function 
of our unfolding

ℓ

ℓ2
of our unfolding

Idea: find unfolding by minimizing 



Something is not quite right
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Idea: find unfolding 
by minimizing 

solution is always 



Eliminating the trivial solution
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Idea: find unfolding 
by minimizing 
subject to the constraint       

that



Aside: How do we solve this?
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minimize 
s.t.

eigenvector problem 

(method of Lagrange multipliers)



Now we can finally compute parameterizations
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[ vagon.io ]  [ incredibuild.com ]

[ wcc[ wccech.com ]Patrick Mullen, Yiying Tong, Pierre Alliez, and Mathieu Desbrun. 2008. Spectral conformal parameterization.  
Symposium on Geometry Processing (SGP '08), 1487–1494.

Bruno Lévy, Sylvain Petitjean, Nicolas Ray, and Jérome Maillot. 2002. Least squares conformal maps for 
automatic texture atlas generation. ACM Trans. Graph. 21, 3 (2002). hps://doi.org/10.1145/566654.566590



Room for improvement
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artist control distortion measurement injectivityartist control

“area distortion” 

“angle distortion” 

Rohan Sawhney and Keenan Crane. 2017. Boundary First Flaening. 
ACM Trans. Graph. 37, 1, Article 5 (2018). hps://doi.org/10.1145/3132705



Shape
Correspondence

2727



Mapping between Surfaces
Problem:

φ

required to study data over collections of shapes

medical imaging 

[ Hallgrimsson et al. 2015 ]

paleontology

[ Polly & Motz 2016 ]
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Etienne Corman, Yousuf Soliman, Robin Magnet, and Mark Gillespie. 2026. 
Implicit Minimal Surfaces for Bijective Correspondences. 

ACM Trans. Graph. 45, 4, Article 162. hps://doi.org/10.1145/3811368



Map Untangling

29

source

tangled initial map 

RHM
[ Ezuz et al. 2019 ]

ours

Fixing Flips



1D Curves
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A

Example: 

φ

A

B

B



1D Curves
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A

A × B

map φ : A → B

shorter length = 
less stretching 

Example:

φ

A

B

(a, φ(a))

B



2D Disks
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Example: φ



2D Disks
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Example:

time t 

pr
od

uc
t s

pa
ce

 a
re

a 

φ

Find a good map by minimizing the area in the product space



Map Distortion
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source hand 
map

 [ ours ] 
map

[ Schmidt et al. 2020 ]

distortion 
(symmetric Dirichlet)

distortion 
(symmetric Dirichlet)

distortion 
(area)

distortion 
(area)our simpler optimization 

yields lower distortion in 
both senses



vs Hyperbolic Orbifold Tutte Embedding
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ours HOTE

ours HOTE ours HOTE

source

Symmetric Dirichlet Energy

ours
cat 2.7 13.5

8.9 25582.5
3.4 14.8

hippo
dog

HOTE

[Aigerman and Lipman 2016]



Vector Field
Design

3636



Tangent vectors
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Vector fields

38



robot 
grippers

Vector fields are used all over the place

39

mesh 
generation generation 

computational 
fabrication 

computational computational 
fabrication 

computational 
fabrication 

computational 

fluid simulation 

Vector

robot 
grippers

generation 



How do we get a vector field?

40

f

0

gradient fields 



How do we get a vector field?
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f

0

gradient fields 



How do we get a vector field?
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f

0

gradient fields 

∇f



How do we get a vector field?
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f

0

gradient fields 

∇f
curl(∇f ) = 0

on the bunny, 
every field with 

curl 0 is a gradient 

 measures rotationcurl(∇f )
 measures inflow/outflowdiv(∇f )

div(∇f ) ≠ 0

the divergence 
determines the field  



How do we get a vector field?

44

f

0

co-gradient fields 

div(∇Tf ) = 0

∇Tf
curl(∇Tf ) ≠ 0

on the bunny, every
field with divergence 

0 is a co-gradient 

the curl determines 
the field  



Decomposing a vector field
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= +
∇TgV ∇f

determined 
by  div(V) determined 

by  curl(V)



The story is more complicated 
on surfaces with handles

46

V

curl(V) = 0
but not a gradient!



The story is more complicated 
on surfaces with handles
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curl(V) = 0

V

div(V) = 0

∫ V dx > 0

but not a gradient!

harmonic field 

only possible on 
surfaces with handles 

important link between 
vector fields and overall 

shape topology 

but not a co-gradient!

but ∫ ∇f dx is always 0

de Rham isomorphism 

essentially 1 field per handle 
all other harmonic fields are 

rotated/scaled copies of this one 



Decomposing a vector field
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= +
∇TgV ∇f

full version 

Helmholtz-Hodge 
decomposition

+
h

gradient co-gradient harmonic



Application: incompressible fluid simulation
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∇TgV ∇f h
gradient co-gradient harmonic

= + +

fluid state velocity vector field 

⟹

incompressible fluid 
⟺

divergence-free velocity field 
⟺

gradient component = 0 

Mohammad Sina Nabizadeh, Stephanie Wang, Ravi Ramamoorthi, and Albert Chern. 2022. Covector fluids. ACM Trans. Graph. 41, 4, Article 113 (2022). hps://doi.org/10.1145/3528223.3530120



Application: shape deformation
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∇TgV ∇f h
gradient co-gradient harmonic

= + +
gradient

V
represent local deformation as a vector field 

need to be able to integrate up local 
deformations to recover full deformation 

⟺
gradient component = harmonic component = 0 

Etienne Corman. 2024. Curvature-Driven Conformal Deformations. 
ACM Trans. Graph. 43, 4, Article 139 (2024). hps://doi.org/10.1145/3658145



Application: knitting pattern design
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∇TgV ∇f h
gradient co-gradient harmonic

= + +V

result 
(simulation)

f
gradient co-gradient

+VV f
gradient

target knit stripes generated knit paern 

result 
(machine-knit)

Idea: represent paern via vector field

final object shape 
determined by field curl

Rahul Mitra, Maéo Couplet, Tongtong Wang, Megan Hoffman, Kui Wu, and Edward Chien. 2025. Curl antization for Automatic Placement of Knit Singularities. (SIGGRAPH Conference Papers '25). Article 158, hps://doi.org/10.1145/3721238.3730715



Hodge decomposition is everywhere

52

= +
∇TgV ∇f

+
h

gradient co-gradient harmonic

Allows us to design algorithms adapted to 
the geometry and topology of our surfaces



Thanks for
listening

! mark.gillespie@utah.edu 
geometry.cs.utah.edu

535353
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vs Adaptive
Triangulations

55

human fem
ur

Source

Symmetric Dirichlet Energy

55

be
ar

Ours AT

de
er

Ours AT

pig Ours AT

[ Schmidt et al. 2023 ]

Mark Gillespie geometry.cs.utah.edu ! mark.gillespie@utah.edu 



Map Untangling
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Fixing CollapsesFixing Collapses

source mesh 
ZoomOut

[Melzi et al. 2019]
ours

Mark Gillespie geometry.cs.utah.edu ! mark.gillespie@utah.edu 
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Implicit Encoding

Easy way of encoding a 2D surface in 3D space

0

How about a 2D surface in a 4D space? 

 encode as the zero level set 
of a complex function

⟹
(more correctly: a section of a 

complex line bundle) 
(more correctly: a section of a 

complex line bundle) 
(more correctly: a section of a 

Mark Gillespie geometry.cs.utah.edu ! mark.gillespie@utah.edu 



Algorithm Sketch
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⁇?



Algorithm Sketch

II. FIT IMPLICIT MAP III. OPTIMIZE IMPLICIT MAPI. FIND AN INITIAL MAP



1D Correspondence
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A

Example: 

φ

A

B

B



1D Correspondence
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A × B

map φ : A → B

shorter length = 
lower distortion 

Example:

(a, φ(a))

φ

A

B

to find φ, minimize length of graph 
over the diagonal homology class

B

A



φ

Mapping between 2D surfaces

63

φ : A → B Σφ = {(a, φ(a))} ⊂ A × B

Area[Σφ] = ∫A
(1 + σ2

1) (1 + σ2
2) dA[ φ] ∫A∫A∫ ( 1) ( 2)

THEOREM [CSMG 2026]:

Area [A] + ∫A
det dφ dA 𝕀 Area[Σφ] 𝕀 Area [A] + ∫A

1
2 |dφ |2 dA

AREA
DISTORTION

DIRICHLET
ENERGY

(σ1, σ2σ2σ singular values of ddφ)

63
to find φ, minimize area 
of  over the diagonal 

homology class 
Σ

[−] = [ptA × B + A × ptB]
homology class of 

orientation-preserving maps! 



Mapping between 2D surfaces
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φ : A → B Σφ = {(a, φ(a))} ⊂ A × B

Area[Σφ]
= ∫A

det(Δ + g≤1
A φ*gB) dA

= ∫A
(1 + σ2

1) (1 + σ2
2) dA

(σ1, σ2σ2σ singular values of dφ)

= Area [(Id × φ)(A)]
What does 

measure?
Area[Σφ]φ

62
to find φ, minimize area 
of  over the diagonal 

homology class 
Σ

[−] = [ptA × B + A × ptB]
homology class of 

orientation-preserving maps! 




