Denison University Ronneberg Lecture
Thursday November 5, 2026

An Introduction to
Geometry Processing

\‘ %\: -

o
|

Discrete Discrete
Geometry | Geometry

Lab

Discrete Discrete
Geometry | Geometry

Lab _ Lab

Computer Graphics
THE UNIVERSITY OF UTAH

Mark Gillespie @ geometry.cs.utah.edu = mark.gillespie@utah.edu



< ,}‘E o~ p -
e Wi ~

- |
Q’,’ '
—

= ¥y

animation

technical ass
e

= 0

ets

&

Rigid

EOSE )

HEN LR s Processing

|

Intrinsic

l” :“ G%
shape 5 g
_L> % .

A

'/
| /
R %

{

v

|

I
) hxm'?m
=

I

il

il

= E—

\

(

R — —— & —:-
= —— Ay
S N
S — S
o~ — ~5

=

cation

» digital fali:i



Thinking deeply about the €€ ometr Y yields
more efficient algorithms
and hlgher -quality outputs




Talk Outline

|. SURFACE PARAMETERIZATION [I. SHAPE CORRESPONDENCE [Il. VECTOR FIELD DESIGN

unwrap a surface map from one find a smooth collection
onto the plane shape to another of directions on a surface

Bruno Lévy, Sylvain Petitjean, Nicolas Ray, and Jérome Maillot. 2002.
Least squares conformal maps for automatic texture atlas generation.

ACM Trans. Graph. 21, 3. https://doi.org/10.1145/566654.566590 Etienne Corman, Yousuf Soliman, Robin Magnet, and Mark Gillespie. 2026. Keenan Crane, Fernando de Goes, Mathieu Desbrun, and Peter Schroder. 2013.
Implicit Minimal Surfaces for Bijective Correspondences. Digital geometry processing with discrete exterior calculus.
Patrick Mullen, Yiying Tong, Pierre Alliez, and Mathieu Desbrun. 2008. ACM Trans. Graph. 45, 4, Article 162. https://doi.org/10.1145/3811368 ACM SIGGRAPH 2013 Courses. Article 7, 1-126. https://doi.org/10.1145/2504435.2504442

Spectral conformal parameterization.
Symposium on Geometry Processing (SGP '08), 1487—-1494.



Surface
Parameterization




Sl lil=i=lgr41ile)a | a map from a surface to the plane

[ Crane etal. 2013 ]
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Parameterization of general surfaces

X,




Applications of parameterization

Signal processing

| Gao etal 2015 |



Applications of parameterization
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Applications of parameterization

Signal processing

N

4

y

neuroscience ‘ physical simulation
[ Gao et al. 2015 ] [ Segall et al. 2016 ]

shape analysis
| Lipman & Daubechies 2011 ]

learning on surfaces
| Maron et al. 2017 |
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Fabrication

target shape

initial shape

| Konakovic¢ et al. 2016 |

| Ren et al. 2022 ]

| Konakovié¢-Lukovié ef al. 2018 ]
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(Texturing 3d models

[ Timen 2012 ]



Triangle meshes

vertices
edges

triangle
mesh

smooth
surface

faces



Parameterizing triangle meshes

e Map every vertex into the plane

e Collapse?
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Parameterizing triangle meshes

e Map every vertex into the plane

o Collapse? Not injective
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Parameterizing triangle meshes

e Map every vertex into the plane

o Collapse? Not injective

o Cut open and unfold

16



How can we compute a good unfolding?
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How can we compute a good unfolding?

138



How can we compute a good unfolding?
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How can we compute a good unfolding?

Juniform scaling

20



How can we compute a good unfolding?

Juniform scaling
xsquashing

length £ measures
squashing

£? is a quadratic function
~of our unfolding

£° —p%p

Idea: find unfolding by minimizing p:lAp |

21




Something is not quite right

Idea: find unfolding
by minimizing f)%l_j)

solution is always p = 0

RZ
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Idea: find unfolding
by minimizing f)%l_j)
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Aside: How do we solve this?
minimize I_))]AI_)) =: &(p)

24



Bruno Lévy, Sylvain Petitjean, Nicolas Ray, and Jérome Maillot. 2002. Least squares conformal maps for
automatic texture atlas generation. ACM Trans. Graph. 21, 3 (2002). https://doi.org/10.1145/566654.566590

Patrick Mullen, Yiying Tong, Pierre Alliez, and Mathieu Desbrun. 2008. Spectral conformal parameterization.
Symposium on Geometry Processing (SGP '08), 1487-1494.
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Room for improvement

artist control distortion measurement Injectivity

minimal area
distortion

RZ

target shape

%
sharp corners .

uniformization

“area distortion”

cone
singularities

direct editing

Fig. 1. Boundary first flattening (BFF) provides sophisticated control over
the shape of an angle-preserving or conformal map to the plane. Even on
very large meshes, this shape can be edited in real time.

S — —
Rohan Sawhney and Keenan Crane. 2017. Boundary First Flattening.

ACM Trans. Graph. 37, 1, Article 5 (2018). https://doi.org/10.1145/3132705

“angle distortion”



Shape
Correspondence




Problem:

Mapping between Surfaces

required to study data over collections of shapes

paleontology

medical imaging

| Hallgrimsson et al. 2015 |

| Polly & Motz 2016 ]

Etienne Corman, Yousuf Soliman, Robin Magnet, and Mark Gillespie. 2026.
Implicit Minimal Surfaces for Bijective Correspondences.
ACM Trans. Graph. 45, 4, Article 162. https://doi.org/10.1145/3811368



tangled initial map
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Map Untangling

Fixing Flips

RHM
[ Ezuz et al. 2019 ]
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Example:
1D Curves B

A
P
\ B
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Example:
1D Curves

map@ : A — B

shorter length =

less stretching

31



Example:

2D Disks
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Find a good map by minimizing the area in the product space

product space area

33



distortion . S
our simpler optimization

yields lower distortion in
both senses

distortion

(symmetric Dirichlet)
1

source hand

distortion

(area)

distortion

(symmetric Dirichlet)

34



vs Hyperbolic Orbifold Tutte Embedding

[Aigerman and Lipman 2016} R

<\

Symmetric Dirichlet Energy

ours HOTE
cat 2.7 13.5
hippo| 8.9 25582.5
dog 3.4 14.8




Vector Field
Design



Tangent vectors

37



Vector fields

33
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Vector fields are used all over the place

Fluid Cohomology

HANG YIN, University of California, San Diego
MOHAMMAD SINA NABIZADEH, University of California, San Diego
BAICHUAN WU, University of California, San Diego
STEPHANIE WANG, University of California, San Diego
ALBERT CHERN, University of California, San Diego

Our method method.
ivial. By
the harmonie parts. y method (ieft) 5
¥ is pr i pressure
The i iscid fuids
lud i
ethods, equations Physics
methods. Fluid o theory

formulation are insuffcient at simulating fluids on general non-simply-

AcM

tacl A
boundaries, and nonzero genus can all make the fluid domain multiply

Hang Yin, Mohammad Sina Nabizadeh, Baichuan Wu, Stephanie Wang,
. Albert Chem. 2023, ACM T

connected. Graph 42,4, Article
i (Augost 2023, 24 d
Inth
o 1 INTRODUCTION
" in tasks in fluid simulation in computer graphics is
- i with the et
senenal opology: hich govern the d the veloci £
: invi One approach i to instead simulate the equations
Sthor” addesses: Hang Vi, Diego, ryn@ucsded spproa eq
e 3 in the vorticit ion of fluid d This
i 5 Wane. vorticity field imary variable, whereas
ehera@ucsd o the velocity field is reconstructed from the vorticity through a

[Bridson 2015, §14.2; Chorin and Marsden 1990,

§1.2]. Numerical methods based on this formulation have more
Tocal vorticity. The velocity

fields derived from the divergence

Foral otheruses,contact the owner author(s).
Copyrght hld by the owner/author().

07300301 2023/8-ART)

hitps/doorg/10.11453592402

free. Researchers have adopted this formulation to simulate vor-
tex dynamics [Gamito et al. 1995; Elcott et al. 2007; Zhang et al
2015] and two-phase flows [Ando et al. 2015a]. Other usage of the

ACM Trsns. Graph, V. 42,No. 4 Asie 1. Publication date: Augus 2023,

Integer-Grid Maps for Reliable Quad Meshing
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Unconventional Patterns on Surfaces

MEREL MEEKES, Utrecht University, The Netherlands
AMIR VAXMAN, Utrecht University, The Netherlands
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Differentiable Stripe Patterns

JUAN MONTES MAESTRE, ETH Zurich, Switzerland
YINWEI DU, ETH Zirich, Switzerland

RONAN HINCHET, ETH Zirich, Switzerland
STELIAN COROS, ETH Zirich, Switzerland

BERNHARD THOMASZEWSKI, ETH Zurich, Switzerland
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3D Weaving with Curved Ribbons

YINGYING REN, EPFL, Switzerland
JULIAN PANETTA, UC Davis, USA

TIAN CHEN, EPFL, Switzerland

FLORIN ISVORANU, EPFL, Switzerland

SAMUEL POINCLOUX, EPFL, Switzerland
CHRISTOPHER BRANDT, EPFL, Switzerland

ALISON MARTIN, Weaver and Independent Researcher, ltaly
MARK PAULY, EPFL, Switzerland

Fig. 1. Our it target desi 1 weaving topology graph (b), and calculates the planar

y curved ribbons (7).

The three-

Basket weaving is a traditional craft for creating curved surfaces as an  equilibrium. We systematically validate our approach through a seris of
of thin, flexibl

s not achievable by existing methods. We anicipate our computational

crossings. Curvature - truct we see
- ! - i i -
through topology is hig whichse-  art,design, and architectur.
ptimited curved ribbons. fatioes
Our bbons’pl ther in- merialoptmization, computational desgn. brication
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uhors” addrsses: ¥ Ren, EPFL yingyingren@eplLch | Pancta, UC Davis,  Yingying Rem Julian Panetia, Tian Chen, Flori Isvoranu, Samuel Ponclou,
lan paetta@gmailcoms T. Chen, EPHL i chen@eplL F fvorams, FPFL  Christopher Brands, Alison Macin, and Mark Pauly. 2021, 3D Weaving with
o o, Polncou, EPFL amuel M Tran,Graph. 4,4, Artice 127 (August 2021),15 pages.
L e o tpsd/do org/10.1145/3450626 459785
g 1 INTRODUCTION
Weaving is a fundamental principle for assembling linear material
b clements through interlacing to form 2D or 3D
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920 Coomighabeldby tion of bird nests [Hanselland Overhill 2000], weaving i a tradi-
ok org 1013 stz 349758 tional craft in many cultures and finds broad application in textils,

ACM Trans. Graph Vo 40, No. 4, Atce 127, Publication dte: August 2021,
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Weaving Geodesic Foliations

JOSH VEKHTER, The University of Texas at Austin
JIACHENG ZHUO, The University of Texas at Austin

LUISA F GIL FANDINO, The University of Texas at Austin

QIXING HUANG, The University of Texas at Austin
ETIENNE VOUGA, The University of Texas at Austin
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How do we get a vector field?

gradient fields

40



How do we get a vector field?

gradient fields
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How do we get a vector field?

gradient fields
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How do we get a vector field?

gradient fields

\‘_‘
e
u .y
R
SThas N

curl(VF) = 0

, div(

curl( Vf) measures rotation

div(Vf) measures inflow/outflow

f

on the bunny,
every field with
curl 0 is a gradient

the divergence
determines the field

43



on the bunny, every

HOW dO we get a vector field? field with divergence

0 is a co-gradient

44

co-gradient fields | the curl determines

f the field

curl(VTf) £ 0 B



Decomposing a vector field

determined

by div(V)

determined

by curl(V)

45



The story iIs more complicated

on surfaces with handles

curl(V) =0

but not a gradient!

46
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The story iIs more complicated

on surfaces with handles

only possible on
surfaces with handles

curl(V) =0

but not a gradient! essentially 1 field per handle

all other harmonic fields are
rotated/scaled copies of this one

Jde>O

important link between
vector fields and overall
shape topology

but JVfdx is always O |
3
N

div(V) =0

de Rham isomorphism
but not a co-gradient! ]
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Helmholtz-Hodge
decomposition

Decomposing a vector field

full version

h

gradient co-gradient harmonic

|4



= Vf 4+ Vig 4+ h

gradient co-gradient harmonic

incompressible fluid
I N
L2/ —

AN YN ZaN Y =) . : -
B N e AT divergence-free velocity field
— FAARSCSRARSASSASNE
) ~NANN Y 0 TN —

=Y ]S

o PN gradient component = 0
CASSN 22PN )

\=~/~\NJ {1~y

fluid state velocity vector field

Mohammad Sina Nabizadeh, Stephanie Wang, Ravi Ramamoorthi, and Albert Chern. 2022. Covector fluids. ACM Trans. Graph. 41, 4, Article 113 (2022). https://doi.org/10.1145/3528223.3530120
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Application: shape deformation

Curvature-Driven Conformal Deformations
ETIENNE CORMAN, Université de Lorraine, CNRS, Inria, LORIA, France

Inthis paper,
‘mations in

processing, essential for
deformati @ i

v = i "
ric embedding, especially for the latter, has been  challenging endeavor.

i s, To address
these challenges, we concentrate on conformal deformations, leveraging
the curvature tensor as the primary variable in our model This strategic

pre-
diffculties. Our key contribution lies in identify
i 3 ey
genus, aiming
sticking
Additional i,
Gaussian curvature
1 INTRODUCTION
Cu tand as indis tools in computer graphic
for surfs ipulation. They iteratively defo by mini-

mizing an energy while complying with given constraints, such as

area y ly
define surfa inimizers of specif i

() .
W 0N -

o
ﬁl’ii
x¥I¥&

Fig. 1. Minimizing bending energy in Eq. 1) on spot for p cqual to 1 (top.
Willmore flow), 2 (middle) and 3 (bottom).

When p = 1 this reduces to the celebrated Willmore energy [Joshi
and Séquin 2007; Willmore 1965}, however larger values of p create
a stronger smoothing effect on regions with higher curvature (see

tion lies in presenting a unified method for computing conformal
curvature flows. Our focus revolves around two primary types of
curvature-based flows in computer graphies: fairing flows, aimed
at surface smoothing, and intrinsic flows, for which computing an
embedded representation is often unnecessary.

gory, fairing fl t
make it as round as possible by minimizing the surface bending,
‘This is quantified by the magnitude of the shape operator S, en-
capsulating the variations in surface normals across all directions.
‘These techniques have found i jcations in diverse d
‘mains such as biophysics [Canham 1970; Helfrich 1973], computer
animation [Bridson et al. 2005; Grinspun et al. 2003; Terzopoulos
et al. 1987], inpainting [Bobenko and Schréder 2005; Lévy 2003),
and form finding [Joshi and Séquin 2007; Vaxman et al. 2018]. Typi-
cally, these bending energies aim to decrease the norm of the shape
operator [Hagen and Schulze 1987 Joshi and Séquin 2007; Lott and
Pullin 1988; Moreton and Séquin 1992]

i
&)= [ ISy pen. ®

Author' U et

Figure 1). Gruber et al.
of mean curvature, achieving similar deformations. However, their
. i e

‘with intrinsic flows.

The second category: the intrinsic flows, is commonly used in
the computer graphics community to “flatten” the surface not vi-
sually but from the intrinsic perspective of an observer ‘living” on
the geometry. The Ricci flow, introduced by Hamilton [1988] and
notably utilized in proving the Poincaré conjecture, falls within
this category. Combinatorial counterparts of such flows [Chow
and Luo 2003; Jin et al. 2008] have found successful applications
in conformal mesh parametrization. In computer graphics, these
flows naturally arise when computing texture atlases [Sheffer et al.
2007], cone parametrization for quad remeshing [Ben-Chen et al.
2008], or surface approximation using developable patches for man-
ufacturing [Yuan et al. 2023). Here, the focus is on modifying the
‘Gaussian curvature, i., the determinant of the shape operator. As
this information is independent of the immersion, computations

3 s it

ppl
tion [Springborn et al. 2008] — a focus of interest in this paper and
illustrated by Figure 2. While an immersion can be computed from
he deformed metric [Chern et al. 2018], this process results in the

(CNRS, Inria, LORIA, Nancy, 54000, Fance

paper is ibution 4.0 International
(CCBY 10) uth on their
72024/5-ART

loss of the relationship between the deformation and the curvature,
and thus, cannot be used for fairing flows.

Considering only conformal deformations significantly enhances
‘numerical stability while maintaining the capacity to represent
a large family of deformations. Prior research has highlighted the
pot

May 2024,

——‘

gradient

S 1

-
LI W

Etienne Corman. 2024. Curvature-Driven Conformal Deformations.
ACM Trans. Graph. 43, 4, Article 139 (2024). https://doi.org/10.1145/3658145

& -

gra

Vi + Vg +

co-gradient harmonic

represent local deformation as a vector field

need to be able to integrate up local
deformations to recover full deformation

dient component = harmonic component =
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Application: knitting pattern design

y

/

\ co-gradient

Curl Quantization for Automatic Placement of Knit Singularities

RAHUL MITRA", Boston Unii
MATTEO COUPLET,

harmonic

al sl 2024)

artifacts of competing methods. Furthermore, we extend ous method to the

settiogs.
T CCS Concepts: - Computing methodologies — Shape analysis. - Ap-
it = Comp:

Vector Fields

Acm
‘Rahul Mitza, Mattéo Couplet, Tongtong Wang, Megan Hoffmann, Kui Wu,
25,

Idea: represent pattern via vector field

™ facturing technique that cre-
ates garments by interlocking yarn loops through a CNC knitting
machine (Computer Numerical Control knitting machine). It has

SIGGRAPH Conference Papers 25, August 10-14, 2025, Vancouves, BC, Canads.

— B target knit stripes generated knit pattern ﬂnal, ObJeCt shape
determined by field curl
result o e result
(simulation) @i (machine-knit)

il

Rahul Mitra, Mattéo Couplet, Tongtong Wang, Megan Hoffman, Kui Wu, and Edward Chien. 2025. Curl Quantization for Automati

=N

c Placement of Knit Singularities. (SIGGRAPH Conference Papers '25). Article 158, https://doi.org/10.1145/3721238.3730715
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Hodge decomposition is everywhere

Allows us to design algorithms adapted to
the geometry and topology of our surfaces

gradient co-gradient harmonic
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9.0

vs Adaptive

Triangulations
[ Schmidt et al. 2023 ]

Symmetric Dirichlet Energy Q\QO | Ours -

ours AT

bear | 1.94 2.16
deer | 2.02 2.22
pig | 241 255

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu



Map Untangling

Fixing Collapses
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source mesh [Melzi et al. 2019]

\\
iy

T

ours

NS
N

|
K7

7
=

AP

™
-

56

Mark Gillespie @ geometry.cs.utah.edu

<1 mark.gillespie@Qutah.edu



Implicit Encoding

Easy way of encoding a 2D surface in 3D space

57

How about a 2D surface in a 4D space?

—> encode as the zero level set
of a complex function

(more correctly: a section of a
complex line bundle)

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu
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Example:
1D Correspondence




Example:
1D Correspondence

shorter length =
lower distortion

to find ¢, minimize length of graph
over the diagonal homology class




to find @, minimize area
of 2 over the diagonal

Mapping between 2D surfaces homology class

= [pt, X B+ A X pt,

homology class of
orientation-preserving maps!

@w:.A—B — a,qﬂ(a))}CAxB
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)
VAYAVA\Y
ZAVAVLY

=
S
5

A
A,

S
v

=

N =4
’é&\‘:ﬁ;’? \
NAnvady %'\V;",

X7,
=Y

=)
7S5

s S—%
S
<TIS

<o

=><

o
Q

S
Ve
\/

=

<J
A::

AN

—,

|

ek

_|_
9

,“.
S
"4

Area|% |

Z

*w\ie !

IS
3

K\

ST TS

=
2K

V!

THEOREM |CSMG 2026]|:
DIRICHLET

AREA
DISTORTION ENERGY

A\

Area [A |det dq0| dA < Area[Z(p < Area %\d(p * dA
A A



to find @, minimize area

. of 2. over the diagonal
Mapping between 2D surfaces X

homology class
| =[pt, X B+ A Xpt,]

homology class of

entation-preserving maps!
= {(a, qﬂ(a))} CAXB 7

What does Area[2¢]
Area[2¢] = Area |(Id X gn)(A)]
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