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design algorithms to be:
e simple

o efficient

e robust

3D scans scientific data
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Talk Outline

|. SHAPE [I. SURFACE MORPHING [1]. VORONOI CROCHET V. IMPLICIT CURVE
CORRESPONDENCE VIA 4D RAY TRACING PATTERN DESIGN FRAMING
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use a new geometric morph from one construct new crochet represent smooth
perspective to map surface to another patterns via geodesic normal vectors on curves
between surfaces in 4D space Voronoi diagrams via implicit functions

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu



Shape

Correspondence

Surfaces for Bijective Correspondences. ACM Trans. Graph.

Corman, Soliman, Magnet & Gillespie. 2026. Implicit Minimal
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Problem:

Mapping between Surfaces

required to study data over collections of shapes

paleontology

medical imaging

| Hallgrimsson et al. 2015 |

| Polly & Motz 2016 ]

Mark Gillespie @ geometry.cs.utah.edu = mark.gillespie@utah.edu



Map Untangling

SOuUrce

Fixing Flips

tangled initial map

RHM
| Ezuz et al. 2019 ]

Mark Gillespie

@ geometry.cs.utah.edu
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Example:
1D Curves

®-0-0-0-O-O-O-O-0O-0O-0O
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Example:
1D Curves

shorter length =
less stretching

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu



Example:

2D Disks

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu



Mark Gillespie
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product space area

Find a good map by minimizing the area in the product space

@& geometry.cs.utah.edu <1 mark.gillespie@utah.edu



distortion . S
our simpler optimization

yields lower distortion in

Map Distortion _ poth senses

distortion

(symmetric Dirichlet)

I
.

source hand

distortion

(area)

distortion

(symmetric Dirichlet)

11
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vs Hyperbolic Orbifold Tutte Embedding

[Aigerman and Lipman 2016]

Symmetric Dirichlet Energy

ours HOTE
cat 2.7 13.5
hippo| 8.9 25582.5
dog 3.4 14.8

Mark Gillespie & geometry.cs.utah.edu < mark.gillespie@utah.edu



Thinking deeply about the €€ ometr Y yields
more efficient algorithms
and hlgher -quality outputs

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu



Shape Morphing
via 4D Raytracing
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Harmonic functions

special kind of function

15

well-studied

Mark Gillespie
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Harmonic functions

Mark Gillespie
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Harmonic functions

yae|nguls
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Intersecting a ray with a level set

138
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Level sets of harmonic functions show up
everywhere

/

A - |
Poisson surface reconstruction generalized winding numbers ngmann su1r§2c1es hyperspherical harmonics
[ Kazhdan et al. 2006 ] | Jacobson et al. 2013 ] [ Riemann ] [ Fock 1935 ]

NG

nonplanar polygons curve networks shell structures in architectural space—ﬁg surfaces for
[ Maxwell 1873 ] [ de Goes et al. 2011 ] geometry [ Adiels et al. 2022 | digital fabrication

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu
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... but, they’re hard to render with existing

techniques
may have singularities

Increasing
( purported )

Lipschitz
constant

decreasing
step size

ray marching sphere tracing
(With fixed step size) (with purported Lipschitz constant)

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu
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... but, they’re hard to render with existing
techniques

may have boundaries

bisection
search

/ours

Newton’s interval
method arithmetic

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu
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... but, they’re hard to render with existing
techniques

may have boundaries

Mathematica
(ContourPlot3D)

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu
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/

Sphere tracing
[ Hart 1996 ]

OC

compute intersections for signed‘cﬂstance j}lﬁ'c'tions (SDFs)

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@utah.edu
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Sphere tracing
[ Hart 1996 ]

Sy

| L @ .
compute intersectionsfor signedwstance ‘unctions|(SDFs)

g 4
Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@utah.edu
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Sphere tracing: beyond SDFs

[ Hart 1996 ]

o Easy to generalize to
Lipschitz functions:

(essentially, | Vf| < L)

o Important fact:

fx) =W <L|x—y]

e provides a conservative
bound on distance

[ Inigo Quilez 2015 |

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu
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Problem: many harmonic functions are not

Lipschitz

0(x,y) = atan2(y, x)

+JT

—Jl

Mark Gillespie < mark.gillespie@Qutah.edu
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Problem: many harmonic functions are not

Lipschitz

0(x,y) = atan2(y, x)

L
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+JT

—Jl
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Problem: many harmonic functions are not

Lipschitz

0(x,y) = atan2(y, x)
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Problem: many harmonic functions are not

Lipschitz

O(x,y) = atan2(y, x)

+JT

no distance bound
for sphere tracing

—Jl

29

Mark Gillespie

<1 mark.gillespie@Qutah.edu



30

Main idea: get distance bounds from Harnack’s

Inequality

Let f be a positive harmonic function on a ball:

S _ ) < [ x)
1-rR 1+7/R
(1 + r/R)* =SS (1 — /R

lower bound upper bound

always safe to take step of size

R
— a+2—\/a2+8a :
2
. _J&)
whnere d = ——
f*

We can use the fact that

f is harmonic to obtain a
distance bound

Mark Gillespie @ geometry.cs.utah.edu
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Signed solid angle

signed solid angle

32

( directly ray traced )

Mark Gillespie
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Signed solid angle

less planar

21t level set

33

more planar

31t level set

Mark Gillespie
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General nonplanar polygons
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( directly ray traced )

Mark Gillespie @ geometry.cs.utah.edu
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Shape Morphing with Solid Angle
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Shape Morphing with Solid Angle
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Morphing Polygons

Mark Gillespie

@ geometry.cs.utah.edu

37

<1 mark.gillespie@Qutah.edu



Challenge: 4D solid angle

MOrphing 3D Surfaces 3D solid angle formula

[ van Oosterom & Strackee 1983 ]

do the same, but one dimension up

Theorem 2.2. Let Q2 C R” be a solid angle spanned by unit vectors {vy, ..., V,}, let
V be the matrix whose ith column is v;, and let a;; = V; - vj, as above. Let T,, be the
following infinite multivariable Taylor series:

et V| 5 (—2)%i<i% [ L+ Y ngiim ) |
la (471')"/2 ]_[a,-j! ; 2 .

acN )

i<j

The series T,, agrees with Vo, the normalized measure of solid angle €2, wherever T,

converges. [ Ribando 2006 ]

4D solid angle formula? 38



Voronoi Crochet
Pattern Design




Happypotamus

[http://mrscuddles.blogspot.com/
2014/04/puff-magic-stegosaurus.html]

http://fiekeshaakselsenmeer.blogspot.com/ R BT e
2014/07/happypotamus-4.html] B o sy

(] .n"“ I :

[rs B Crchet African flower motif spider]

Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@Qutah.edu
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Fabrication via Regular Polygons

[http://fionagillespie.com/origami]

Mark Gillespie
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[https://www.facebook.com/Snapolo

origami-376055822981481/]

@ geometry.cs.utah.edu

[https://www.pinterest.com/christensen1976

<1 mark.gillespie@Qutah.edu


http://fionagillespie.com/origami
https://www.facebook.com/Snapology-origami-376055822981481/
https://www.facebook.com/Snapology-origami-376055822981481/
http://snaporigami.weebly.com/polyhedra
https://www.pinterest.com/christensen1976/

Voronol Diagrams

o Start with a collection of sites s; on the

surface

42
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Voronol Diagrams

o Start with a collection of sites s; on the

surface

o Define Voronoi cells R,

e R is the set of points closer to s;

than to any other site

o« Decomposes the surface into

polygons!

43
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Voronol Diagrams

o Start with a collection of sites s; on the

surface

o Define Voronoi cells R,

e R is the set of points closer to s;

than to any other site

o« Decomposes the surface into

polygons!
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Improving Voronoi Cell Shape

1. Write down some energy

2. Run gradient descent

45

Mark Gillespie @ geometry.cs.utah.edu

<1 mark.gillespie@Qutah.edu



Mark Gillespie & geometry.cs.utah.edu <! mark.gillespie@utah.edu



47

Mark Gillespie @ geometry.cs.utah.edu <! mark.gillespie@Qutah.edu



43

Mark Gillespie

@ geometry.cs.utah.edu

<1 mark.gillespie@utah.edu



Remaining Questions

o« How do you pick/optimize the number of sites? (# sites
determines polygon size)

[http://fiekeshaakselsenmeer.blogspot.com/

2014/07/happypotamus-4.html]

""""""

| [Mrs Bs crochet African flower motif spider]

49
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http://fiekeshaakselsenmeer.blogspot.com/2014/07/happypotamus-4.html
http://fiekeshaakselsenmeer.blogspot.com/2014/07/happypotamus-4.html

A Few Remaining Questions

o Is it feasible to simulate the output shape?
o Is simulating at the polygon level sufficient?

o Is there another good way of estimating error?

50
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Implicit Curve
Framing
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Framing a Curve

Mark Gillespie

@ geometry.cs.utah.edu

52

<1 mark.gillespie@Qutah.edu



Framing a Curve

Mark Gillespie

53

@ geometry.cs.utah.edu

<1 mark.gillespie@Qutah.edu



Framing a Curve
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tangent vector fields on surfaces

remeshing

Differentiable Stripe Patterns
for Inverse Design of Structured Surfaces
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just rendering tubes

C-Tubes: Design and Optimization of Tubular Structures Composed of
Developable Strips

MICHELE VIDULIS®, EPFL, Switzerland
KLARA MUNDILOVA', EPFL. Switzerland
QUENTIN BECKER', EPFL. Switzerland
FLORIN ISVORANU, EPFL Switzerland

MARK PAULY, EPFL. Switzerland
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Implicit Curve Framing
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Implicit Curve Framing
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Implicit Curve Framing

Mark Gillespie
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But wait, what’s happening on
the back of the tube?

< mark.gillespie@Qutah.edu



Functions on a Circle

periodic: f(0) = f(2r)

f<o0 0 f>0

@
f=0zero in two places!

53

But wait, what’s happening on

the back of the tube?

antiperiodic: f(0) = -f(2r)

f=0zero in one place!

Mark Gillespie @ geometry.cs.utah.edu
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But wait, what’s happening on
the back of the tube?

Functions on a Circle

topological picture

perlodlc 1(0) = {(2r) antiperiodic: f(0) = -f(2r)

f=0zero in two places!
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listening

please reach out if you
want to talk more!
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