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Solid Knitting
knit b3 hf3,6
knit b2 hf2,6
knit b1 hf1,6

xfer b3 hf3,7
xfer b2 hf2,7
xfer b1 hf1,7

xfer hf3,7 f3
xfer hf2,7 f2
xfer hf1,7 f1

release f

; ================
;     Layer 3
; ================
; row 0

tuck + hb1,5 1
tuck + hb2,5 1
tuck + hb3,5 1

xfer f1 hb1,5
xfer f2 hb2,5
xfer f3 hb3,5

xfer hf1,6 f1
xfer hf2,6 f2
xfer hf3,6 f3

knit f1 hb1,5
knit f2 hb2,5
knit f3 hb3,5

release b



Only stitches inside!

*Constructed by hand 5
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Solid knitting:

dense volume

Traditional knitting:

hollow surface

Solid knitting creates dense volumes
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Solid knitting creates dense volumes



8*Constructed by hand

Solid knitting is 
easy to recycle
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Traditional knitting
pulling loops through loops 

[Narayanan et al. 2018]
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Solid knitting
stacking knit layers  
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Solid knitting
stacking knit layers  
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Solid knitting
stacking knit layers  

pulled through 
two existing 

loops

traditional knitting: 

pulled through one existing loop
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Solid knitting
stacking knit layers  

For a hand knitter:
Unusual, but doable

For a knitting machine:
Essentially impossible!
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Knitting machines
[ youtube.com/@tekstilsayfasi 2022 ][ youtube.com/@tekstilsayfasi 2022 ]



Knitting machines

15

[ youtube.com/@tekstilsayfasi 2022 ][ youtube.com/@tekstilsayfasi 2022 ]

Loops held by 
latch needles

Latch needles arranged 
in a linear bed



Challenge: storing loops

16

Latch needles cannot pick up loops

If we ever want to manipulate a loop in the future …
we have to hold it on a needle  

traditional knitting solid knitting

hold onto top row hold onto entire top layer 

traditional knitting 
machines struggle to even 

hold all of these loops!
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Solid knitting a stitch

20

Recall: pull a new 
loop through two 

existing loops 

two existing 
loops

tucktuck

xferxfer ro
ll

ro
ll

yarn for 
new loop 

xferxfer

grabgrab pullpull

completed a new stitch 



solid knitting / solid knitting machine / design tool / results & future work

21*Mirrored
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Design tool



23solid knitout

Augmented stitch volumes
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Results
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Future work: mechanical improvement
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Loop shape consistency

（bo!om view）（bo!om view） （Side View）（Side View） （Front View）（Front View）

idealideal

realreal

kni!ing needlekni!ing needle

Limited footprint:

7 stitches 3 s
tit

ch
es

ar
bi
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ar

ily
 t

al
l 
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Future work: physical properties

[ Singal et al. 2023 ][ smart-knit-crocheting.com ]

http://smart-knit-crocheting.com


Future

Done

28

Future work: machine support 
for more complex shapes

la
ye

r

course

wale
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Leave “unknit” Then knit with later layers

Future work: shaping

[ Liu et al. 2018 ]

Idea: use hexahedral meshing



Harmonic Hitting



Harmonic functions
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special kind of function 

well-understood mathematically 



harmonic Greens’ function 

Harmonic functions

32

singularity



harmonic Greens’ function 

Harmonic functions

33

dipole potential

singularity

si
ng

ul
ar

it
y



Intersecting a ray with a level set
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level set

level set

rayray



Riemann surfaces

[ Riemann 1851 ]

hyperspherical harmonics

[ Fock 1935 ] 

input
curves

curve networks

[ de Goes et al. 2011 ]

nonplanar polygons

[ Maxwell 1873 ] 

shell structures in architectural 
geometry [  Adiels et al. 2022 ] 

space-filling surfaces for 
digital fabrication

generalized winding numbers

[  Jacobson et al. 2013 ]

Level sets of harmonic functions 
show up everywhere

35

Poisson surface reconstruction

[  Kazhdan et al. 2006 ]



… but, they’re hard to render with 
existing techniques

36

ours ray marching

(with fixed step size)  sphere tracing
  (with purported Lipschitz constant)  

may have singularities 

decreasing 
step size 

increasing

( purported ) 

Lipschitz 
constant 



… but, they’re hard to render with 
existing techniques

37

ours

Newton’s
method
Newton’s
method

bisection
search
bisection
search

may have boundaries 

marching
cubes
marching
cubes

Mathematica
(ContourPlot3D)
Mathematica
(ContourPlot3D)

interval
analysis
interval
analysis



compute intersections for signed distance functions (SDFs)compute intersections for signed distance functions (SDFs)

Sphere tracing

38

f(x) = distance to curve[ Hart 1996 ]



Sphere tracing
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[ Hart 1996 ]

compute intersections for signed distance functions (SDFs)compute intersections for signed distance functions (SDFs)



Sphere tracing: beyond SDFs

• Easy to generalize to 
Lipschitz functions:


( essentially,  )


• Important fact:




• provides a conservative 
bound on distance

|∇f | ≤ L

| f(x) − f(y) | ≤ L |x − y |

40

[ Hart 1996 ]

[ Inigo Quilez 2015 ]



Problem: many harmonic functions 
are not Lipschitz

41

θ(x, y) = atan2(y, x)

–π

+π

0

(x,y)

θ
0



–π

+π

0
θ = 0

θ = π
4

Problem: many harmonic functions 
are not Lipschitz
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θ(x, y) = atan2(y, x)



–π

+π

0
θ = 0

θ = π
4

Problem: many harmonic functions 
are not Lipschitz
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θ(x, y) = atan2(y, x)
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No matter how close 
points get, function 

values never get closer

–π

+π

0
θ = 0

θ = π
4

no distance bound 
for sphere tracing 

Problem: many harmonic functions 
are not Lipschitz

θ(x, y) = atan2(y, x)



Main idea: get distance bounds 
from Harnack’s inequality
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1 − r/R
(1 + r/R)2 f(x) ≤ f(y) ≤

1 + r/R
(1 − r/R)2 f(x)

lower bound upper bound

1 − r/R
(1 + r/R)2 f(x)

1 + r/R
(1 − r/R)2 f(x)

x
R

yr

R
2

a + 2 − a2 + 8a ,

always safe to take step of size

where a =
f(x)
f*

Let  be a positive harmonic function on a ball:f We can use the fact that 
 is harmonic to obtain a 

distance bound
f



1 − r/R
(1 + r/R)2 f(x) ≤ f(y) ≤

1 + r/R
(1 − r/R)2 f(x)

lower bound upper bound

1 − r/R
(1 + r/R)2 f(x)

1 + r/R
(1 − r/R)2 f(x)

x
R

yr

r =
R
2

a + 2 − a2 + 8a ,

always safe to take step of size

where a =
f(x)
f*

Let  be a positive harmonic function on a ball:f We can use the fact that 
 is harmonic to obtain a 

distance bound
fWhat if  is not positive?f

Just add a constant to make it 
positive on the ball 

Main idea: get distance bounds 
from Harnack’s inequality

46

All you need is a 
valid ball radius and 
a lower bound on f



Algorithm sketch
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Harnack Tracing

Starting from point   in direction :x d
Pick ball radius

Shift  to be positive on ballf
Calculate safe step size

Repeat until  is sufficiently close to f f*
Take safe step in ray direction

xR

safe

step size 

d

0

0 x1



2D example

48



Sphere tracing acceleration

49

[ Keinert et al. 2014 ]: “over-stepping”

conservative steps 

valid oversteps 



Acceleration: gradient termination

50

2ε

How do you decide when you have “hit” the surface?

2ε



Acceleration: gradient termination
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How do you decide when you have “hit” the surface?

iterations
iterations

1

2000

gradient terminationgradient terminationfunction value terminationfunction value termination



Simple to implement
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Simple to implement
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PBRT (CPU ray tracer)
B

lender (C
P

U
 ray tracer)
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Simple to implement
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PBRT (CPU ray tracer)
B

lender (C
P

U
 ray tracer)



Simple to implement
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PBRT (CPU ray tracer)

B
lender (C
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U

 ray tracer)



Generalized winding number
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a.k.a.  signed solid angle

input mesh 

repaired mesh 

[  Jacobson et al. 2013 ]

( directly ray traced )



Signed solid angle

57
( directly ray traced )



Architectural grid shells
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( directly ray traced )

[  Adiels et al. 2022 ]



Surface reconstruction

59( directly ray traced )

[  Kazhdan et al. 2006 ]

visualize results of Poisson 
surface reconstruction 

without requiring volumetric 
meshing or linear solves 



Riemann surfaces

60( directly ray traced )
[ Jahnke, Emde & Lösch 1960 ]



The gyroid

61

[ Diegel 2021 ]

not a harmonic function in 3D 

… but is a slice of a harmonic 
function in 4D

( directly ray traced )

*technically the trigonometric approximation to the gyroid



Links to Blender code and ShaderToy 
examples can be found at:


www.markjgillespie.com/
Research/harnack-tracing

Thanks!

62

More information about solid knitting 
(including instructions for solid 

knitting by hand) can be found at:


http://solid.knit.zone



Angle-valued functions
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θ(x, y) = atan2(x, y)

–π

+π

0

(x,y)

θ
0

–π

+π

0

(x,y)

θ
0

continuous when 
viewed modulo  2π



θ(x, y) = atan2(x, y)

–π

+π

0

θ = π
4

continuous when 
viewed modulo  2π

Angle-valued functions

64



Angle-valued functions → continuous functions

65

we never compute this lift explicitly—

DISCONTINUOUS FUNCTIONCONTINUOUS LIFT



In practice: look for level sets above and below

66

f(x)

f*

f* − 2π

f* + 2π

f* + 4π

distance to  f*

distance to 
lower level set 

distance to 
upper level set 



Level sets of angle-valued 
functions can have boundaries

67



Knitting and Purling

68

Figures from [ Signal et al. 2024]

“knit"

“purl"


