Implicit Minimal

Surfaces for Biject
orrespondence

Mark Gillespie, INRIA & UNIVERSITY OF UTAH

Etienne Corman, UNIVERSITE DE LORRAINE, CNRS, & LORIA.

S e

o
1 3 -_I:



Problem:

Computing Bijections Between Surfaces

required to study data over collections of shapes
medical imaging
ii,‘“-

| Polly & Motz 2016 ]



Problem:

Computing Bijections Between Surfaces

required to study data over collections of shapes
medical imaging

| Hallgrimsson et al. 2015 ] | | ;
SIMPLIFYING ASSUMPTION

paleontology

006 Surfaces are topological spheres
" ot 7@90‘“.“« (will discuss boundary near the end)
Qlii..' ¢ EJ‘Q. but no handles (yet)
T |
.1 | | I l l -

| Polly & Motz 2016 ]



Existing Algorithms

SHAPE DEFORMATION
| Beg et al. 2005; Sharf et al. 2006;
Huang et al. 2008; Li et al. 2008b;

Tam et al. 2012; Eisenberger et al.
2019, 2020; Ezuz et al. 2019a ]

Reversible Harmonic Maps
(RHM)
| Ezuz et al. 2019b ]

straightforward algorithms, but
requires good initialization

often requires user
Intervention

“FuzzY” RELAXATIONS

[ Ovsjanikov et al. 2012, 2017;
Ren et al. 2021; Litany et al.
2016; Solomon et al. 2012;
Mandad et al. 2017; Brifault
et al. 2025 ]

ZoomOQut
[ Melzi et al. 2019 |

simpler to optimize, but:
can collapse features

may struggle with
symmetries

EXPLICIT MESH MAPS
| Kanai et al. 1997; Litke et al. 2005;

Aigerman et al. 2014-2017; Schreiner
et al. 2004; Kim et al. 2011;
Michikawa et al. 2001; Peng &
Timalsena 2016; Kraevoy & Sheffer
2004; Takayama 2022 ]

Inter-Surface Maps via Constant-
Curvature Metrics (ISM)

2020 ]

Surface Maps via

Adaptive Triangulations
[ Schmidt et al. 2023 ]

compute true mesh map, which is
bijective by construction, but:

requires bijective initialization

requires complicated mesh mutation

PRODUCT SPACE
SEARCHES

| Vestner et al. 2017; Windheuser
et al. 2011b; Roetzer et al. 2022;

Amrani et al. 2025; Roetzer and
Bernard 2025 |

Geometrically consistent
elastic matching of 3D
shapes: A linear
programming solution

| Windheuser et al. 2011a ]

stronger guarantees (e.g.
orientation preservation), but:

large-scale combinatorial
optimization problems (e.g.
integer programs)




| Kanai et al. 1997; Litke et al. 2005;

Aigerman et al. 2014-2017; Schreiner .
adheuser

1. 2022:
C g | 12022
Our implicit product space method combines these strengths: eran
[ Beg et al. 2005; fully intrinsic, but preserves orientation bs)

Huang et al. 2008 . . L
Tam et al. 2012 E exact map between meshes without mesh mutation (a2.b2)

2019, 2020; Ezu L ) : . e e e el e
optimization can "untangle" low-quality, non-bijective initializations g

. - . . istent
built on familiar operators from tangent vector field processing, £3D

(which can be used in factored form to avoid constructing explicit operators on the full product space) r
tion

naturally supports landmark curves in addition to landmark points o11a]
| a

Reversible Harmonic Maps
(RHM)
| Ezuz et al. 2019b ]

Z0omOut Surface Maps via stronger guarantees (e.g.

[ Melzi et al. 2019 ] Adaptive Triangulations orientation preservation), but:

[ Schmidt et al. 2023 | . .
large-scale combinatorial

straightforward algorithms, but simpler to optimize, but: compute true mesh map, which is optimization problems (e.g.

requires good initialization can collapse features bijective by construction, but: integer programs)

: requires bijective initialization
often requires user may struggle with .q J. .
intervention symmetries requires complicated mesh mutation




Example:
1D Curves B

A
P
\ B




Example:
1D Curves

map@ : A — B

shorter length =

lower distortion




Example:

2D Disks




AL

product space area

-

time t

Find a good map by minimizing area in the product space




Implicit Encoding

Easy way of encoding a 2D surface in 3D space

How about a 2D surface in a 4D space?

—> encode as the zero level set
of a complex function

f(x) = 0 on the surface

10
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Talk Outline

|. IMPLICIT ENCODING

[I. MAP OPTIMIZATION

T/~
1SV

/5

[N A
VaVay,
g
Jay

[1l. EXAMPLES

V. FUTURE WORK

encode mapping as a
complex function

more formally: a section of
a complex line bundle

optimize complex function
to minimize distortion

robustness & quality
advantages
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1

Implicit Encoding
of Surfaces
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Prelude:

Implicit Encoding of Points

Choice of representation

Option 1: complex functions Option 2: vector fields constrains which point

f sets we can represent
: :
space o space o

complex functions vector fields

examples of

Poincaré-Hopf -
- Poincare-Hopt ] complex line bundles

sum to zero

always even

global structure of
complex line bundle
—
“’ constraints on
< oint set
> '”

15



Complex line bundles

A section is a choice
of complex number

z(x) € C,
foreach x e M

generalized
complex function /

vector field
local structure: M X C,

global structure may differ

16



Connections and Curvature

derivative”

V “directional Cy Y QV “

defines a parallel
transport operator

Cx

curvature 2-form”

failure to close up
around small loops

encodes the
topological class of the

complex line bundle

17



The Curvature 2-Form

for any complex line bundle on a surface S

sum of zeros of a section = % QV
S

COMPLEX FUNCTIONS
- VECTOR FIELDS

sum to zero

|always evenl

sum to two

[ Poincaré-Hopf ]

> -
Q" =4rx
Q \% O S [ Gauss-Bonnet ]

“curvature 2-form”

failure to close up
around small loops

encodes the
topological class of the

complex line bundle

on a d-dimensional domain M

consider any 2-dimensional subset S

\v # oriented intersections
2 (2" = petween S and the zero
5 set of a section

QVdetermines the

topology of the zero
set of any section

13



Discrete Complex Line Bundles
[ Knoppel & Pinkall 2016 }

on a d-dimensional mesh M = (V, E, F, ...)
1. A copy C,; of the complex plane for each vertex i € V
2. A parallel transport map r;; € C for each edge ij € E

3. Acurvature Q;jx € R for each face ijk € F

Vij Vijk Yki = eXP(lQijk)
(Q; ;. measures rotation around face i/k)

(2 determines the topology of the

zero set of any discrete section

19



Representing a Map as a Complex Section

If we know Z, we can evaluate

Idea: Think of a map as the @(a) for any pointa € A
zero set of a sectionon A X B

Amap@:A - B < AsectionzonAXDB with
z(a,b) =0if p(a) = b

20



Extra Information: Edge Crossings
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How do we build the complex line bundle?

Need to pick:
o A parallel transport map r;; € C for each edge ij € E
e A curvature Q;jx € R for each face ijk € F

Easy solution:

| | | e Build a connection on A with curvature 27
pick a connection with

total curvature 2ron e Build a connection on B with curvature 27z

RS each slice .
want to one zero per slice —————————————— ¢ Take product connectionon A X B
- ~ ( solve via trivial connections)
# oriented | Crane et al. 2010 |
intersections - L [ OV
between S and the 27 1S guarantees that map
_Zero set of a section y will lie in correct

topological class
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The Ginzburg-Landau Energy

E9*(2) = A/%\Vz(p)\2+ %gz(\z(p)\z — 1)2dAdB

B

“Dirichlet energy” “Circular well potential”
encourages 7 to change as encourages z to have unit
little as possible norm everywhere
L ets very large has unit norm
At a minimizer: 5 y lars < ’
near zeros except near zeros

%/_/

make zero set as small as possible

minimal surfaces as minimizers [ Lin and Riviere 1999; Canevari et al. 2023 |



Minimizing the Ginzburg-Landau Energy

discrete section: Z € CVA*Vs

some matrix expression of Z

straightforward to differentiate

optimize with off-the-shelf LBFGS solver

25



Landmark Points

singularity pinning

CIRCULAR WELL POTENTIAL

W(z) = i/A/B(\z(p)\z—l)sz dB

“PINNED” CIRCULAR WELL POTENTIAL

W@ =1 [ [(1so)F-vip) daas

B

V(p) determines target magnitude

V(p) =1 _larﬁlrgellrkexp ( ~ dax [p, (ai, bl)]z)
pairs (a;,b;)

encourage zeros to form around (a;, b;) € A X B

soft penalty encouraging

a; to map to b,

26



B [andmark

Landmark Curves B mapped landmark

landmark : -
CUrves using landmark points only

y { .. /
'%

landmark
points

using landmark points & curves

27



Handling Boundaries

map with pinned
- boundary curves
fill in

boundary ¢




Acceleration via Multiresolution Hierarchy

| " initial section on
prolongation

section on high-resolution
low-resolution meshes
meshes

RPN

; %‘!.J:e:s*-

optimized section
on high-resolution
meshes

extract
correspondence

29



63 mins | 5000
S—

28 mins | 3500

NS 12X speedup

“n
2 1000 6 mins | 2000 . . .
S " B total runtime at high resolution
% 7‘min5 \ B total runtime with multiresolution
£ 100 20 sec | 500 5 mins hierarchy
= e\, .-
> \ -~
10 g

10° 107
# variables 30



5 Examples and
Comparisons

31



tangled initial map
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Map Untangling

Fixing Flips

RHM
[ Ezuz et al. 2019 ]
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Map Untangling

Fixing Collapses

source mesh

ZoomOut
[Melzi et al. 2019]
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source mesh

distortion

distortion

(symmetric Dirichlet)

' '
‘
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distortion

(area)

distortion

(symmetric Dirichlet)
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Map Distortion

On Non-isometric Shapes

“distortion
(symmetric Dirichlet)

“distortion

(symmetric Dirichlet)

source mesh




map to sphere

map from
Isotropic source

map from
anisotropic source

source

map to sphere using
intrinsic Delaunay

triangulation
| Bobenko and Springborn 2007;
Gillespie et al. 2021 | 5~



Detecting Symmetries

source
mesh

orientation
reversing
map

4

33



Beyond Bijections: Covering Maps

every point of A
appears twice on B

39



4 Future Work




Surfaces with Handles

Optimize over both section and connection [ Pigati & Stern 2021 |

but then the optimization problem becomes much larger, and harder to solve

41


http://creativecommons.org/licenses/by/4.0/

V
olumetric Maps

g

777
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Volumetric Maps

Replace complex numbers by 3 X 3 rotation matrices [ Parise, Pigati & Stern 2025 |
complex line bundles — quaternionic line bundles

everything gets much harder

43
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Picking the Ginzburg-Landau Parameter
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Picking the Ginzburg-Landau Parameter

An experimental search for the optimal choice of Ginzburg-Landau parameter — = Ay where Ao = A4 +43.

E

min edge lengths

M 0.013 W 0.007 S
~ ® 0.010 M 0.003 i
| 17
Q| =
L —
S S

=
; o
0 50 100 150 200
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distortion
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Orbifold Comparison

e ESSN DS TRNN
“ po DRORVRNASE A o
¥V B o5 oo B7mE7 2 § g

Symmetric Dirichlet Energy

ours HOTE
cat 2.7 13.5
hippo| 8.9 25582.5
dog 3.4 14.8
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Femur Comparison

Symmetric Dirichlet Energy

ours AT
bear | 1.94 2.16
deer | 2.02 2.22
pig | 241 2.55



mesh structure

Product Spaces

VAxB
A X B X
extrudes A
o . D i
J

FAXVB AX VAXFB

FAxB
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Product Spaces

AXB

(A X B)

product rule

(0A) X B

A X (0B)
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63 mins | 5000

S—
28 mins | 3500

NS 12X speedup

“n

< 1000 6 mins | 2000

— 7mins \ MV

S 100 20 sec | 500 > mins

= / N B total runtime at high resolution

- JALZ " Ginzburg-Landau optimization
o\ 2 p
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The Importance of Curve Constraints

point constraints curve constraints

54



(1-b; — by)| zi| +bj| zj|e(Pk*@i) 4 by | z|e H(Br2rort) = g,

) e |-, ).

2

Finding Singularities

Wijj = arg(

FijZi

intermediate

k
initialization ‘
k / C

i ]

final result
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mesh structure

Product Spaces

VAxB
A X B X
extrudes A
o . D i
J

FAXVB AX VAXFB

FAxB
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Inthlalization

4.4 |nitialization

Our method can start from a (potentially noisy) input function given
as vertex-face maps ¢ : V4 — Fg and ¢ : Vg — F4. To use these in
our algorithm, we must convert them into an initial complex section
z : AX B — C whose zero set approximates the graphs of ¢ and ¢.

Strategy. We leverage the principle that low-energy states of a
connection Laplacian concentrate their zeros in regions of high
curvature (Section 3.1). To do so, we construct a specific connection
r®¥ on A x B that concentrates all its curvature exactly along the
graphs of ¢ and . We then define our initial section z as the smallest
eigenvector of the associated Laplacian. Because this bundle lies in
the same homology class as the one constructed in Section 4.1, this
section serves as a valid initialization for the following Ginzburg-
Landau minimization.

Construction. We build r®¥ slice-by-slice using the trivial con-
nections algorithm from Section 3.4.2. For each vertex iy € Vjy,
we compute a connection r'A on B that concentrates 27 curvature
into the single face ¢(i4). Then, for every edge of the form iy X eg
in the product space, we assign r:'o ﬁ en = reB Symmetrically, for
each ig € Vg, we run trivial connection on A, concentrating cur-
vature in face ¥(ig) and assign this connection to product space
edges of the form e X ig. This results in a fully defined connec-
tion on the product space whose curvature is concentrated to the
graph of the input maps. The zero set of the smallest eigenvector of
the associated Laplacian acts as a good representation of the input

correspondences (see Figure 17).

Laplacian. The connection constructed above does not factor as
the product of independent connections on A and B, which would
normally require assembling the full four-dimensional finite ele-
ment Laplacian. Instead, we consider a simpler discretization of the
Dirichlet energy using a lumped discretization for the outer inte-
grals of Equation 6 while retaining a finite-element discretization
for the inner mtegrals over the 2D slices. Explicitly, for every vertex
in € Vy,let L ' denote the finite element Laplacian of r*4 on B,
and let z(ia) be the restriction of section Z to the slice. Using simi-
lar notation for the slices fixed at ig, we can express the Dirichlet

energy of the connection r®¥ as:

8£¢(Z) = Z (MA)v,v<L§’vz(U)sz(v) )C

veVy

+ Z (MB)O,z)(LX’UZ(v), 2(?) )C>

veVp

(34)

and so the blocks in the product-space connection Laplacian are
given by the surface connection Laplacians on the individual slices

weighted by the dual area of the vertex on the complementary mesh.

The smallest eigenvalue can then be computed via an iterative
matrix-free solver such as LOBPCG [Knyazev et al. 2007].
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